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Entanglement theory

Entanglement Classes

Two pure states |¢) , |¢) are in the same entanglement class if they can be converted
into each other with finite prob. using LOCC (SLOCC).

[¥) ~ o) & [v) =M @...@ My |®) (1)
M; € SL(C?).

Theory should answer
@ How many (entanglement) equivalence classes exist?
@ How are these classes parametrized?
@ How can we experimentally access these parameters?
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Multi-particle entanglement

2,3-partite entanglement

Bi-partite
@ Separable states: 1) = |¢1) ® |¢2)
@ Entangled states: |1) # |¢1) ® |1)2)

Tri-partite
@ Separable states: [11) ® [1b2) ® [3)
@ 3 classes of bi-separable states:  |i1) ® |[¢23) ;- .
@ W class: [W) = % (]001) +1010) + |100))
o GHZ class: \GHZ) = —— (|000) + |111))

V2
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Multi-particle entanglement

Multi-partite entanglement

For multi-partite systems it's more complex.

The problem

@ Atleast 2! — 6n — 2 real parameters to parametrize classes
@ Each parameter is experimentally difficult to access
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Multi-particle entanglement

Multi-partite entanglement

For multi-partite systems it's more complex.

The problem
@ Atleast 2! — 6n — 2 real parameters to parametrize classes
@ Each parameter is experimentally difficult to access

A solution (for sufficiently pure states)

Turns out that looking at local information only:
@ Provides rich information about global entanglement
@ Scales linearly with n
@ |s easy to access experimentally
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Entanglement polytopes

One slide detour

1RDM
Consider a pure state |¢) of n qubits.

P =t 1) (9] (1RDM) @)
specp|” = (A, Ak (3)
)\S,’;?n + Af{;)ax =1 (Constraint - trace condition) (4)

Higuchi inequalities [Higuchi et al. 3 qubit Higuchi polytope

(2003)]

)‘Er?ax ZZ)‘g)ax_(n_z)ai:L”-n
i
(Mnax € [0.5,1])

(5) Figure 1: Higuchi polytope - a convex polytope.

4
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Entanglement polytopes

Entanglement polytopes

Entanglement polytopes [M. Walter et al. (2012)]
@ To every class C — associated set A¢ of local spectra € C
@ Turns out Ac¢ is again a convex polytope: entanglement polytope

Properties
@ Efficient in the number of parameters (requires only local parameters)

@ For any nthere are only finitely many entanglement polytopes (unlike SLOCC
classes)
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Entanglement polytopes

3-partite polytopes

Higuchi

Figure 2: Higuchi polytope and the entanglement classes polytopes for a tripartite system.

W-class corresponds to upper pyramid.
Any violation witnesses GHZ-type
entanglement.

Figure 3: Witnessing GHZ-type entanglement.
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Entanglement polytopes

4-partite polytopes

Figure 4: 3D cuts through fully-dimensional 4D polytopes for 4 qubits.
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Our contribution
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Our contribution

@ Poly method requires few data for
n qubits

Figure 5: Witnessing entanglement

Q
However, is it always computational tractable for large n? J
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Hardness of post-processi

Answer...

Figure 6: One needs few physical measurements but... post processing may take a long long time... - Tantalizing... (Fig. by Filipa
Silva)

@ Our answer is: Not Always!

@ There are fairly natural problems about many-body entanglement which can be
decided from few physical measurements but doing so is computationally hard
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Our physical problem

@ ‘,‘ / ." ‘,\. “, .,—*“‘\
. e S /@ e T epn
o ® o o ©® o

[¥) = [¥)1 ®[v)2

@ One of n qubits held by Alice (A), one by Bob (B)

Question

Are A and B guaranteed to be part of one genuinely entangled subsystem?
Positive fact

There is a sufficient criterion based on local info only.
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Hardness of post-processing

BP-AB

Question

Are A and B guaranteed to be part of one genuinely entangled subsystem? J
Can be formalized using theory of entanglement polytopes: )
BP-AB

INSTANCE: A setof n+ 2 numbers A1, ... An, A, B satisfying A\; € [0,0.5], \j > Aivq,
A < 27:2 Al

QUESTION: Isthere Sy C S={1,---,n}, 1€ S st. A <32 s Aiand

Az 3 iese A Az = MaXiese A 80 that \s € Sy and A € S7?
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Our result

Theorem
BP-AB is NP-Complete

Proof.
@ BP-AB € NP
@ BP-AB € NP-Hard via reduction from KNAPSACK [Karp (1972)]

@ BP-AB € NP-Complete
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Summary & Outlook

Outlook
@ General theory is noise-resilient but hardness not yet - this is to be solved.

@ For the original problem stated in the abstract proof idea was flawed but we
believe it is doable. This is TBD.

Summary

@ We have shown what we believe is the very first instance of a natural pure state
entanglement problem that is hard.
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